Solutions to Problem Set 1, Physics 370, Spring 2008 1

SPECIAL NOTE: I could not find a symbol that exactly matches the
book’s script r for the separation vector. Instead I am using the following
notation: ¥=7— 7, v =[] and t = t/t.

1. Griffiths Problem 1.9: Find the tranformation matrix R that de-
scribes a rotation by 120° about an axis from the origin through the
point (1,1,1). The rotation is clockwise as you look down the axis to-
ward the origin.

Consider the following diagram of the situation described.

Looking down the axis
of rotation:

It is clear from the diagram that a 120° rotation carries the = axis onto
the z (= 2’) axis, the y axis onto the z (= ¢/), and the z axis onto the y
(= 2') axis. Therefore A}, = A., A} = A,, and A, = A,, and therefore:

00 1
R=|[100 (1)
010
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2. Griffiths Problem 1.13: Let ¥ be the separation vector from a fixed
point (2’4, 2’) to the point (x,y, z), and let ¢ be its length. Show that

(a) V(¢2) = 2¢

(b) V(3 = -3

T

(¢) What is the general formula for V(¢")?

Given the definition of the sepration vector, ¥ = (v —2")2 + (y — ¥')§ +
(z — 2)%, its magnitude, v = /(z — )2+ (y —v')2 + (2 — 2/)2, and
the definition of the del operator, V= 8%:% + 6%@) + %2, then we simply
“plug and chug” those definitions.

(a) Since v? = (z — 2')* + (y — ¥')* + (2 — 2/)?, then

V) = 2 (=P + =y + (- )
b (=P =y P+ = 2P
+ % (=2 +Wy—-y)Y+(z-2))2 (2a)
=2z -2 +2(y—y)g+2(z—72)2 (2b
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(b) Since £ = ((z — )2+ (y — 9 )* + (2 — z’)2)_% then

T

v ox
5 ey
* % (a4 —y) +(z—2)) %2 (3a)
= 22— ) (o= P+ =gV + (=)
N %Q(y —y) (@ =2+ —y)+ (- 2R
32— ) (= P o= ) e ()
=—t(z—2)P+W—y) +(=-2))" (30

Now, since we know the unit vector is just the vector divided by

its length, we have t = © = E and so

V(@=2')2+(y—y)2+(2—7')

[SI[9Y)

(1) =P =P =) (4a)
_ v 1
IR e R e R G D R R DR CEE D
(ab)
- ()
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(¢) To determine the general expression for V(¢"), consider just the
x coordinate. In this coordinate, the partial derivative of t" is

%tﬂ = nt("_l)% (ba)
Rl o s e Ve e B
= pr(nb) 12 r—a ! ]

B Y R CEr
(5c)
_ o (n—1 (v — ')
— e 125 } (5d)

You should be able to see that if we take the partial derivatives
along the y and z axes, the results would have the form:

a% o — =D {Lf/)] (6a)
% & — D) [(Z . Z')] (6h)

And putting these three derivatives together we have:

=/.n\ _ a n 2 a na a nz
V(") = P T+ ayt 9+ 5.° 2 (Ta)
Lo [, by )
t t v
— (nfl)f
ne . (7c)

= ne("Ug (7d)
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3. Griffiths Problem 1.16: Sketch the vector function v = 7% and com-
pute its divergence. The answer may surprise you...can you explain it?

As instructed I first sketched the vector function (using Maple, software
available for free to any student at MSUM):

S04H o
L0244
. 1 i
s~"‘ "a‘_.’
; .

TT+yy+z2

Since 7 =
’12+y2+22

of the function v as:

and r? = 22 +y? + 22, I can express the divergence

Gi= . 2 Y 2 ©
0 \ (22 + 92+ 22)32 ) Oy \ (22 + 92+ 22)32 ) 0z \ (a2 + 42 + 22)3/2

(8)
The tedious part here is the derivative. Notice the x component, which
via the chain rule takes the form:

9 . 2 2 2\—3/2 3, 9 2 2\—5/2
%((ﬁ—i—yz—l—z?):‘/?):(x +y°+27) _15(5’5 +y° +27) 5 (27)
(9a)
_ (232 +y2 + 22)—3/2 . 3332(:[2 +y2 + 22)—5/2
(9b)

=% = 32%r° (9c¢)
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The other two components take on similar forms, therefore:

V-7 =3r" =3+ 9+ 220 (10a)
=3r 3 = 3(r*)r (10b)
=33 -3 (10c)
=0 (10d)

Surprised? You might be since the sketch of the vector field clearly
appears to show it is diverging from the origin. So how can the diver-
gence V-7 = 0? The answer is that V-7 = 0 everywhere expect at the
origin. At the origin, ¥ is actually undefined (unless you know how to
divide by zero). This makes determining V-7 at the origin a bit tricky
and part of the realm of delta functions.

4. Griffiths Problem 1.26: Prove the divergence of a curl is always
zero. Check it for function v, = 2?2 + 3xz%) — 2222 (from Problem
1.15).

This is pretty straight forward, just apply the definitions of divergence
and curl. The curl of the function ¥ is:

V XU=

ov, Ovy\ . ov, 0vg\ . ovy,  0vy\ .
= -2 )i- - v _ 11
(ay 82):6 (8x 8z)y+(8x 8y)z (11b)

And thus the divergence of the curl of ¥/ is:

= (o 2\ 0 (0v. Ovy, 0 (Ov, Ov, 0 (Ov, Ovg,
v.(vxv)_8x<8y 82) 8y<8x_8z)+82(8:6—8y>

(11a)

H@ %’l@ >
& Slo=
N@ Slev N>

(12a)
[ 0P, B 0?v, B 0%v, B 0%v, N D*v, B 0%v,
~ \0zdy  0x0z oyoxr  0yoz 0z0x 020y
(12b)

By the equality of cross derivatives (e.g. ag;y = 63(2%

ﬁ-(ﬁxﬁ):().

), this reduces to
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We are asked to verify this explicitly this for v, = 223 + 322%) — 2222,
so we just “plug and chug”:

z ¥ z
V X v, = % a% % (13a)
r? 322 21z
(0 0 o\ -
= <ay(—2x2) - 82(3952 )) z
0 d, 5\ .
- (o290 - @) s
0 5 0, 5\ .
= —6x2d + 229 + 32°2 (13c)
and thus:
> (s 0 0 0, 5
V- <V X v) = %(—6:132) + 6’_y(2z> + a(f&z ) (14a)
= —62+0+62 (14b)
=0 (14c)

5. Griffiths Problem 1.37: Express the unit vectors 7, é,@ in terms of
Z,7, 2 (that is, derive Eqn. 1.64). Check your answers several ways (
does 7 -7 = 1, g - <;A5 =0, 7 X g = qg ...). Also work out the inverse
formulas, giving z, ¥, Z in terms of 7, é, gg

This is the most involved problem in this problem set, mostly because
there is a fair amount of tedium. Let’s begin. The easiest approach
to determine the spherical unit vectors is to first use the relationship
between spherical and cartesian (x,y, z) coordinates from equation 1.62

x = rsinfcos ¢ (15a)
y = rsinfsin ¢ (15b)
z =rcosf (15¢)

to note that the position vector can be written

7= rsinf cos ¢ + rsin @ sin ¢y + r cos Hz. (16)
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If we take an infinitesimal step, we can represent the increase in each
coordinate as:

. a o —»_ 8 1. _’_ a —
dr = Erdr, df = aerdev dQS - 8¢Td¢ (17)

And if we divide these infinitesimal vectors by their lengths, we have
the coordinate unit vectors:

L_dr_ g BT 5T i o7 (18)
dr|grdr] |5 5571 Frid

So all we have to do is apply equation 18 by taking the appropriate
derivatives of the 7 defined by equation 16. We should note that as
is typical, the length of a vector is the square root of its components
squared. As such, here begin the derivatives:

For the r direction:

gfz sin 0 cos ¢ + sin O sin ¢y + cos 62 (19a)
r

a = <2 2 <2 <2 2

57| = Vsin 6 cos? ¢ 4 sin @ sin” ¢ + cos? 0 (19Db)

= V/sin? 0 + cos20 =1 (19¢)

For the 6 direction:

%F = rcosfcos @ + rcosfsin gy — rsinfz (20a)
0
‘8—7” = \/rz cos? 0 cos? ¢ + r2 cos? fsin® ¢ + r2sin* @ = r (20b)

i—»

.0 897” - ~ . ~ A

0= 25 = cos  cos ¢ + cos O sin ¢y — sin 6% (20c¢)
ZT
90

For the ¢ direction:

0 e : .
_gbr = —rsinfsin ¢z + rsin f cos ¢y (21a)

‘£” = \/7“2 sin? @ sin® ¢ + r2sin® 0 cos? ¢ = rsin (21b)

99
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where in all the above cases I used the identity cos? z+sin? x = 1. Now
we solve for the unit vectors:

|

,,7
' — = sin 6 cos ¢z + sin O sin ¢y + cos 0% (22a)

Q

>
I

Yo Fo

D>
I
-

= cos f cos ¢ + cos O sin ¢ — sin 62 (22b)

Slo gl

-t

= —sin ¢ + cos ¢y (22¢)

<
Il

=
~

At this stage, we can perform the recommended checks to see if every-
thing is behaving as expected:

-7 = sin? § cos? ¢ + sin? @sin® ¢ + cos’f =1 / (23a)

é-(ﬁz—cos@cos¢sin<b+cos&cos¢sin¢:O\/ (23b)
X T y z

7 X0 =|sinfcos¢p sinfsing cosh (23¢)

cosfcos¢p cosfsing —sind

(— sin? #sin ¢ — cos® #sin ¢)2

+ (cos? f cos ¢ + sin® 0 cos @)

+ (sin 0 cos ¢ cos 0 sin ¢ — sin 0 sin ¢ cos § cos ¢) 2 (23d)
— sin ¢ + cos ¢y (23e)
N (231)

As a final task, we are asked to solve for the inverse relations. To do
this, we’ll resort to algebra (unless you want to use this same derivatives
technique in reverse). First I'll try to solve for & by combining equations
22a and 22b since I see a way to eliminate the 0 terms there.

sin 07 = sin® 6 cos ¢7 + sin® 6 sin ¢y + sin 6 cos B2 (24a)
cos 00 = cos® 0 cos i + cos Osin ¢fj — cosfsinfz  (24b)
sin 07 + cos 00 = cos ¢F + sin ¢ (24c¢)

Notice that these expressions, multiplied by a sine or cosine, can be
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combined with equation 22c to solve for z

cos ¢(sin 7 4 cos 00) = cos® ¢ + cos ¢ sin ¢j (25a)
sin ¢ = — sin’ ¢F + sin ¢ cos ¢ (25Db)
i = cos ¢(sin OF + cos 0) — sin ¢ (25¢)
and g
sin ¢ (sin 07 + cos 00) = sin ¢ cos ¢ + sin® ¢ (26a)
oS ¢ = — cos ¢ sin @3 + cos® ¢y (26D)
g = sin ¢(sin 7 + cos 9@) + cos ¢ (26¢)

And finally, returning to equations 22a and 22b, I can eliminate terms
leaving just Z by

cos OF = cos 0sin 0 cos g3 + cos O sin O sin ¢fj + cos® 02 (27a)

sin 00 = sin 0 cos 0 cos ¢ + sin 0 cos sin ¢fj — sin® 62 (27Db)

2 = cosOF — sin 00 (27¢)



