Solutions to Problem Set 7, Phys 350, Spring 2009 1

1. The first is to write the right hand side in polar form. Recall that for
a complex number ¢ in the Cartesian form £ = = + 7y, the polar form
is 7e" where r = /22 + y2 and tan¢ = y/x. Here z = 1 and y = 1
sor=+/1+1=+/2,and tan¢ = 1, so ¢ = /4, and the equation we

need to solve is
2t = /2em/4, (1)

Because e’ is periodic with period 27 we can add any integer multiple
of 2w to the argument of the exponent in (1) without changing the
equation. Solving for z, and including these multiples in the exponent

gives
28 ¢i/8 n =0,
L 9ir —
z = 2%67;(%4‘2717?))/4 _ 25¢? /16 n=1, <2>
o ) 9selTin/16 2,

1 .
2562527r/16 n=3.

2. Remember that the modulus of a complex number, in other words |z|?,
is a real number that is obtained one of two ways:

e cither multiply z by its complex conjugate z* (sometimes written
zZ), so that |z|* = 22*, or

e use the Pythagorean theorem to write |2|> = z? + y* where x
and y are the real and complex parts, respectively, of the complex
number z.

The solution below shows both ways:

1
3

sin 0 + %@ cosf and z* = Lsinf — %z cos ) giving

e Here z = 3

1 2 1 2 1 4
|22 = 22" = (§ sin 0 + §Z Cos 9) <§ sin ) — 5@ Cos 9) =3 sin? 9+§ cos? 0.
(3)

e In the other method x = (1/3)sinf and y = (2/3) cos @ so that
o _ 2 o1 .9 4 9
z|" =24y = gsin 9+§COS 0, (4)

as above.



V¥ Problem 3: Relativity I

> restart: with(LinearAlgebra):

function relgamma that is they from relativity:
> relgamma:=v->1/sqrt(1-v"2/c"2);

relgamma(v), -

2

L= V—>MafrlLr(

c

relgamma (v) |

|

V Part a

coordinate systemr o = (4, p0r Yopeter)
frame so we multiply 7 the appropriate Lorentz transfornr habod

the transform we go from Ichabod's frame to the rocket's frame,

L Us— Ichabod

rRoc/tef - Llc/zabod — Rocke/ lchabod - L/c/zabad — RockeILUSH Ichabod
7transf0rm from us to the rocket isZ Tehabod— Rocke IL Uss Iehabod *

V Partb

[For this part I will start by writing down the Lorentz transforms we need.

[ > LusToRocket:=L(uprime);
1 uprime

.2 .2
uprime uprime 2
2 2

C 4

uprime 1

uprz'mez uprz'mez
1 — — 1 — —
¢ c

LusToRocket:=

> LusToIch:=L (v);

Imagine we are going to use the Lorentz transform to convert a vector=¢Z xJ to the rocket
in two steps. First we go our frame to Ichabod's

7. To complete

We begin by defining matrices for the Lorentz transform. I am doing this in two stages. First I define a

1
relgamma = v— @3.1)
2
12
=
¢
' Next I define the Lorentz transform martix as function of v using the function relgamma:
> L := v-> Matrix([[relgamma(v), -relgamma(v)*v/c"2],[-relgamma
(v)*v,relgamma(v)]]);
/s
relgammal(yv) v , | -relgamma(v) v, 3.2)

7 so the correct order for the

(3.2.1)



LusTolch = 3.2.2)

> LichToRocket:=L (u);

LichToRocket .= 3.2.3)

1 B v
V2 V2 2
= ===
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V2 V2
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4 4
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[The product of the transforms from Us to Ichabod then Ichabod to the rocket is
> Lboth:=LichToRocket.LusToIch;

1
Lboth = +
u” y? 0 b y?
== /1= == ¢ /1=
4 C C C
14

, (3.2.4)

1
_|_
u”* y? u* 2 y?
l== /1= == /1=
4 4 4 4

Twill grab the upper left element of this set it equal to the upper left element of LusToRocket and
| solve for uprime:
[ > solve(LusToRocket[1l,1]=Lboth[1l,1],uprime);
2 2
c(ut+v) & (utv)

’ 2
6‘2+HV ¢ +uv

(3.2.5)

2
) + ) ) +
The first solution, C(U—V), is the one that gives us the standard result, #'= (utv)

¢ ‘uv 1+u_21/
15




Problem 4: Relativity II

[We ,begin by defining the energy -momentum vector in Bob's frame,
> Pbob:=Vector([mc"2,0]);

1716‘2
Phob = “4.1)
[and then us the Lorentz transform to calculate the energy -momentum vector Anne would see,
> Panne := L(v).Pbob;
mc
2
==
(4
Panne = 5 “4.2)
_ vmc
2
I=—=
C
£,
Looks pretty good; the energy Anne observes is the first component becaus® = SO
P£
mc 2.
£, = —————— =1ymc like we had hoped. At first the momentum looks pretty far off; there
2
14
==
c

seems to be a negative sign that is wrong and we are off by a factor of. The negative sign belongs
there if Anne is moving to the left relative to Bob, which is the same as saying Bob is moving to the
right relative to Anne. one factor ofc goes away because p ¢, not g, is the second component of

Anne's energy -momentum vector, s0p ¢ =- myvcz which apparently givesp  =-#ryvg which doesn't
match the result we expected! Why? The root of the problem is a shortcut we took when we

!
introduced Lorentz transforms. I suggested making the vector: which doesn't make too much

X

sense in terms of units because time and distance don't have the same units. If we fixed things up by
!

using the vector | x |instead the Lorentz transform would become

c
_w
v c
/L=
i
P Y

7whic»h ends up takiﬂg care of the extra factor ofc.



V Problem 5: Fun With Rotations
¥V Part (a)

[The rotation matrix about ther-axis is
cos(theta)]]);
1 0 0
Rr=|0 cos(0) -sin(0)
0 sin(0) cos(0)

[In the limit of small angles, cos(8) = 1 and sin(0) = 6, so that for small angles
> Rx_small:=Matrix([[1,0,0],[0,1,-theta],[0,theta,1l]]);

10 0
Rx small=|0 1 -6
06 1

R -1
From this it we can get & using G = ( z ), giving
> Gx:=Matrix([[0,0,0],[0,0,-1],[0,1,01]);
00 O
Gr=|00 -1
01 0

B Ewhich matches Eq. (24) from the homework assignment.
¥V Part (b)

[We might as well start by defining the unit vector given in the homework,
> Nhat:=Vector([1,1,1])/sqrt(3);

1
—J3
3
Nh-—l3
af.—3
1
— 3
3

:Next we define the generators we have not yet defined (' is above):
> Gy:=Matrix([[0,0,1],[0,0,0],[-1,0,0]11);
001
Gyv=| 000
-1 00
> Gz:=Matrix([[(o,-1,01,11,0,01,[0,0,011);

> Rx:=Matrix([[1,0,0],[0,cos(theta),-sin(theta)],[0,sin(theta),

(5.1.1)

(5.1.2)

(5.1.3)

(5.2.1)

(5.2.2)



0 -10
Gz=|1 00 (5.2.3)
0 00

V Part (i)

To enter the rotation matrix we use Eq. (25). I am breaking this into two steps. In the first I
define the matrix that goes into the exponential then in the next I take the exponential.

Note that the way | gewr , 7, and #_in Maple is by using Nhat[1], Nhat[2] and Nhat[3],

respectively.

Note also that I am defining these functions fairly generically so that I can use the same

| functions in later parts of the problem when the directiod/zaz changes.

| > InTheExponent:=Nhat-> Nhat[1]*Gx+Nhat[2]*Gy+Nhat[3]*Gz;
InThelxponent = Nhat— Nhat, Gx + Nhat, Gy + Nhat, Gz (5.2.1.1)

[Now I take the exponential to (hopefully) get the rotation matrix

> R:= (theta, Nhat)-> MatrixExponential (theta*InTheExponent
(Nhat) ) ;

= (0, Mhat) — LinearAlgebra.-MatrixExponential (0 InTheFxponent( Nhat)) (5.2.1.2)

[For the specific case we did in lab the rotation matrix is
> R1ll:=theta- >R(theta Nhat): R11l1l(theta);
1 2 1 1 1
[ 3 +?cos \/_sm —gcos(6)+?,—?cos(6)—|—

+1\/?sin(9)},
0s(0) +—+—\/_sm +§cos ——\/—sm

(5.2.1.3)

UJ‘»—A

1 1 I = .
33 cos(0) + 3t ?\/3 sin(0),
1 2

-+ = cos(G)H

7Certainly that seems messy enough to be the right answer (and if you compare it the rotation
| matrix in the solutions it actuallyzs the right answer).

¥ Part (i)

Here we are to check whether we have the right vector by applying the rotation matri®/// to
the same vectors we did in lab and see if we get the same result.

Below I list go through each part of the lab, starting by giving the initial vectors and the result

| from lab.
Lab part 3.a
Y Before rotation



> ihat := Vector ([1,0,0]); jhat := Vector([0,1,0]);

khat := Vector([0,0,1]) P
1
that=| 0
0

o]
Jhat = | 1
0

0

khat=| 0 (5.2.2.1.1.1)
1
\ 4 Afier rotation by 120°

[ > inew :=Vector([0,1,0]); jnew:=Vector([0,0,1]); knew:=
Vector([1,0,0]);

mew

0
1
0
0

Jnew:=| 0
1

. T
[S—

knew:=| 0 (5.2.2.1.2.1)

\ 4 Using our new rotation matrix
> R111(2*Pi/3);
001
1 00 (5.2.2.1.3.1)

010

> irot:=R111(2*Pi/3).ihat; jrot:=R111(2*Pi/3).jhat;
krot:=R111(2*Pi/3) .khat;
0
ot= 1
0




Jrot:=10
1
1

krot= 0 (5.2.2.1.3.2)
0

L [Excellent! Our rotated vectors match the answer to the lab!
V Lab part 3.b, "Now see where (1,2,4) goes afier a rotation of60° about this axis."
\ 4 Before rotation

> vecl24 := Vector([1,2,4]);
1

vecl/24:=| 2 (5.2.2.2.1.1)
4
\ 4 Afier rotation by 60 °
[ > vecl24 new :=Vector([8/3,2/3,11/3]);
8
3
2
vecl24 new:= 3 (5.2.2.2.2.1)
1
3
}/szhg our new rotation marrix
> R111(Pi/3);
2 b2
3 3 3
2 2 1 5.2.2.2.3.1
3 3 3 (5.2.2.2.3. )
22
3 3 3

[This matrix matches the one in the lab solutions; now for the rotated vector,
> vecl24 rot:=R111(Pi/3).vecl24;
e

(5.2.2.2.3.2)

3

2
vecl24 rot:= 3
1

[S—

3




| Once again, success!
YV Lab part 3.c. "See where point (1,1,0) goes after a 907 rotation about this axis."
\ 4 Before rotation
> vecllO := Vector([1,1,0]);
1
vecll0:=| 1 (5.2.2.3.1.1)
0
\ 4 After rotation by 90 °
[ > vecll0 new :=Vector([2/3-1/sqrt(3),2/3+1/sqrt(3),2/3])
2 1 '
—— =3
3 3 /3
2 1
vecll0 new=| T+ 3 J3 (5.2.2.3.2.1)
2
3
i bylhg our new rotation marrix
> R111(Pi/2);
' 1 1 111
AR ]
1 1 1 1 1
—+ =3 — -3+ (52233
3 +3J— 3 3J_ 3 (5.2.2.3.3.1)
1 1 1 1 1
- J— J— J— 3 R
3 3 3 3 * 3 V3
> vecll0 rot:=R111(Pi/2).vecll0;
2 1
—— =43
3 3
2 1
vecl10 ror=| 3+ J3 (5.2.2.3.3.2)
2
3
| EOnce again, success!

¥V Part (¢)
Finding the matrix that rotates by angled about the axis (1/3, 2/3, 2/3) is straightforward using the

| definition in part (a) above,
> axis:=Vector([1/3,2/3,2/3]);




3
2
axis = 3 (5.3.1)
2
3
> Rec:=theta->R(theta,axis): Rc(theta);
L + 8 cos(0) 2 sin(0) — ES cos(0) + 22 cos(0) + ES + ES sin(6)  (5.3.2)
9 9 T3 9 9’ 9 9 3
2 2 4 5 4
[—3 cos(0) + ot 3 sin(0), 3t g cos(0), - — cos(0) + Fy
1
-3 sin(0) ],
2 . 2 2 4 1 4
[—? sin(0) — o cos(0) + 509 cos(0) + PRy sin(0), o
+ %COS(G)H
[Wow, messy. Let's check using the vector given in the lab.
> vBefore:=Vector([2,1,-2]);
2
vBefore = 1 (5.3.3)
-2
> vAfter:=Rc(Pi/2).vBefore;
-2
VAﬁe = 2 (5.3.4)
-1

B [Excellent! It seems like we have the right rotation.



